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We present arguments to the effect that time and temperature can be viewed as a form of quantum
entanglement. Furthermore, if temperature is thought of as arising from the quantum mechanical
tunneling probability this then offers us a way of dynamically“converting” time into temperature
based on the entanglement between the transmitted and reflected modes. We then show how similar
entanglement-based logic can be applied to the dynamics of cosmological inflation and discuss the
possibility of having observable effects of the early gravitational entanglement at the level of the
universe.
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INTRODUCTION: THE CHURCH OF HIGHER
HILBERT SPACE
There is now an extensive amount of literature on en-
tanglement in many-body systems [1]. We have a good
understanding of both how to quantify as well as qual-
ify entanglement in complex systems. The universe is of
course the best example we have of a large complex many-
body system and many of the techniques developed for
quantifying and scaling of entanglement have also been
applied to it (see for instance [2] and references therein).
It is sometimes hard to see any connections between dis-
parate results in the fields of quantum information and
cosmology, which is why it might be beneficial to every
once in a while take a broader perspective and summa-
rize some aspects of our understanding. Here I would
like to ask: can what we sometimes think of as different
(cosmologically) relevant physical parameters actually be
thought of as just different instances of quantum entan-
glement?
In what follows I would like to recount the arguments
that time and temperature can indeed be thought of as
forms of entanglement. This is exciting for two reasons.
One is that these potentially completely different entities
can be seen to have the same common origin (in entan-
glement). It is always pleasing to be able to postulate
no more phenomena than one needs to account for all
observations (Occam). Secondly, however, claiming that
entanglement is at the root of these quantities might lead
us to some observable consequences especially and most
excitingly at the cosmological level. We will explore this
in the second half of this paper. Finally, we outline how
the fluctuations in the Cosmic Microwave Background
(CMB) radiation can be used to witness entanglement
at the cosmological level. The following two sections are
largely a review of the existing material, though mainly
from the author’s own perspective. The last three sec-
tions present new material, by first unifying the argu-
ments of the proceeding two sections and then extending
them to cosmology and witnessing entanglement.
First of all, I would like to set the scene by explaining
the picture that is affectionately referred to (by the quan-
tum information community) as the Church of Higher
Hilbert Space. This picture is the expression of the fact
that any mixed state (here written in its eigen-expansion)
ρ1 =
∑
n
rn|rn〉〈rn| (1)
can (at least in principle) be represented as a reduction
from a pure state existing on a Higher Hilbert space
ρ1 = tr|Ψ〉〈Ψ|12 (2)
where
|Ψ〉12 =
∑
n
√
rn|rn〉1 ⊗ |φn〉2 . (3)
The entropy of ρ1, S(ρ1) = −
∑
rn ln rn, quantifies the
entanglement between the system (labeled by index 1)
and the extension (which itself is non-unique and is
labeled by index 2). The reason for using the word
”Church” is that, though the statement that “we can
always write a mixed state as a reduction of a pure one”
looks like a tautology (and hence always true), it is ac-
tually an expression of our belief that this extension to
purity could always be performed in practice (this, of
course, is an open question since we might run out of
resources to perform the required purification).
The Hilbert Space extension is an important mathe-
matical technique when proving many results in quan-
tum information theory, ranging from calculating entan-
glement measures to proving security of quantum cryp-
tography and establishing various quantum channel ca-
pacities. But we now proceed to show how it can also be
used to argue that two concepts we think of as fundamen-
tal, time and temperature, can also be seen as instances
of entanglement with extended Hilbert space.
2TIME AS ENTANGLEMENT
The method of viewing time as entanglement simply
encapsulates the fact that we never observe time directly.
We usually observe the position (of the hand of the clock,
the sun or the stars) or some other observable of a peri-
odically evolving system. Therefore, when we are timing
the evolution of the system under consideration, we are
always talking about the system’s states with respect to
the state of the clock. The clock in this case will provide
the extending Hilbert space within which nothing ever
evolves. However, as we show below, the state of the sys-
tem will evolve relative to the state of the clock. Here we
follow the work of Page and Wootters [3], although es-
sentially the same logic is built into arguments of Banks
[4] and Brout [5] (for a pedagogical review see [6]). The
germs of this idea go back to a paper by Mott [7], where
he used the time independent Schro¨dinger equation to
derive trajectories of alpha particles in a cloud chamber
(the point being that the background atoms in the cham-
ber act as a clock recording the position and hence the
time of the passing alpha particle).
Suppose therefore that we are in an eigenstate |Ψsc〉,
of a Hamiltonian, H , consisting of two different subsys-
tems, call them the system (s) and the clock (c). Suppose
further that the interaction between the system and the
clock is negligible so that H = Hs + Hc (this is what
in fact defines a good clock, namely that it is, at least
to a high degree, independent of the system). We as-
sume without any loss of generality that H |Ψcs〉 = 0 (all
this does it set the overall phase which is in any case an
unobservable quantity).
Imagine furthermore that the state |Ψsc〉 has a special
suitably chosen form:
|Ψcs〉 =
∑
τ
|ψs(τ)〉 ⊗ |ψc(τ)〉 . (4)
The normalizationN is absorbed in the states themselves
so that 〈ψc(τ)|ψc(τ)〉 =
√
N . Here, and without any
loss of generality, we are using τ as a discrete parameter
(though it can also always be made continuous).
We can now postulate that the clock states above are
constructed in such a way that
e−iHc |ψc(τ)〉 = |ψc(τ + dτ)〉 (5)
i.e. the clock Hamiltonian generates shifts between one
clock time and the immediate next clock time (note that
this is just a mathematical property of the states with re-
spect to the Hamiltonian, there is actually no real tem-
poral evolution taking place yet). An obvious clock to
choose is a quantized rigid rotor, but our discussion is
completely generic and does not require us to confine
ourselves to anything that resembles the traditional clas-
sical clock.
Now we look at the evolution of the system relative to
the states of the clock (the relative state of the system in
the same Everett sense [8]):
i~
d
dτ
|ψs〉 = i~ d
dτ
〈ψc|Ψsc〉 (6)
= −〈ψc|Hc|Ψsc〉 (7)
= 〈ψc|Hs −H |Ψsc〉 (8)
= 〈ψc|HrΨsc〉 (9)
= Hs|ψs〉 (10)
and so the system undergoes the Schro¨dinger type evo-
lution relative to the ticking of the clock. Time therefore
arises internally without the need for any global time.
This kind of argument is therefore potentially important
in cosmology where there are presumably no clocks to
measure time outside of the universe. The cosmologi-
cal time itself then has to emerge from within, as in the
calculation above.
An important subtlety is that the clock need not en-
compass the rest of the universe, though it can include it
if required (as in [5]). This means that the above argu-
ment would work even if the state of the system and the
clock was mixed when the rest of the universe was traced
out. All that matters is the relative state of the system
with respect to the clock. Next we show how temper-
ature can likewise arise without the need for having an
overall temperature.
TEMPERATURE AS ENTANGLEMENT
Obtaining temperature from a temperature-less uni-
verse requires us again to start from a pure state of two
subsystem and then look at the subsystems individually.
First of all, it is clear that a thermal state at temperature
T that is described as
ρT =
∑
n
pn|En〉〈En| (11)
where pn = e
−βEn/Z (β = 1/kBT ), can always be obtain
from an extension of the form
|Ψ〉 =
∑
n
√
pn|En〉 ⊗ |φn〉 . (12)
From what we said before it follows that temperature
T and entanglement (as measured by the entropy of the
reduced states) are directly related: the higher the tem-
perature, the higher the entanglement between the two
subsystems.
This simple argument can, in fact, be made to resemble
the “timeless time” argument even further. The bonus
will be that the Gibbs-Boltzmann distribution will arise
naturally providing we make a few assumptions (to be
detailed in what follows).
3Imagine we divide the total universe into a small sys-
tem (s) and a large rest (r). The attributes “small” and
“large” will be quantified below. Let us again assume
that the interaction between the system and the rest is
small enough to be negligible and that the total state is
a zero energy eigenstate (Hs+Hr)|Ψsr〉 = 0. The reason
for this will become transparent shortly (we recall that
in the clock argument this was needed because a good
clock neither affects nor is affected by the evolution of
the system - at least to within a good approximation).
Now construct |Ψsr〉 as a superposition of energy eigen-
states of the system |En〉 correlated to the states of the
rest with energy −En (since the sum has to add up to
zero - here is where we need the assumption that the in-
teraction Hamiltonian between the two vanishes). The
total state can be written as
|Ψsr〉 =
∑
n
|En〉 ⊗
D(−En)∑
m=1
|ψnm〉 , (13)
where the states of the system are not normalized so that
〈Em|En〉 = Nδnm. The index m for the rest takes into
account the fact that the rest is huge compared with the
system and there may be many degenerate states whose
energy is −En. The degree of degeneracy will be labeled
as D(−En). To obtain the state of the system, ρs we
trace out the rest, i.e.
ρs =
∑
n
|En〉〈En|
∑
m
tr(|ψnm〉〈ψnm|) (14)
=
∑
nm
〈ψnm|ψnm〉|En〉〈En| (15)
=
∑
n
D(−En)|En〉〈En| . (16)
We now assume that the energies En are small enough
that we can expand to the first approximation (this is
one of the two central assumptions leading to Gibbs-
Boltzmann weights as we will shortly see):
D(−En) = D(0)− dD
dEn
En = D(0)
(
1− 1
D(0)
dD
dEn
En
)
≈ D(0) exp
{
− 1
D(0)
dD
dEn
En
}
. (17)
The second central assumption is that the function whose
first order expansion is f(x) = 1 − x + ... is in fact
the exponential e−x (there are of course infinitely many
functions that have the same first order Taylor expan-
sion;the exponential can be further justified by reuqiring
that f(x+ y) = f(x)f(y), namely that densities of inde-
pendent systems get multiplied). We can now define
β =
1
D(0)
dD
dEn
, (18)
which is our effective inverse temperature. We can
rewrite this in an even more transparent way as
β =
lnD(0)
dEn
(19)
where we now have the standard statistical definition of
inverse temperature as the derivative of entropy with re-
spect to energy. The state of the system now emerges to
be
ρs =
∑
n
e−βEn
Z
|En〉〈En| (20)
where Z =
∑
n e
−βEn is the partition function which
arises from the normalization N . Just like we noted in
the case of time, there is here no need to start from an
entangled state of the system and the rest; a mixture will
suffice just as well for the above argument [9]. However,
one can always assume that the state is purified to include
everything in the universe, so that the rest is indeed the
rest of the universe excluding the system. We will revisit
this argument when we discuss cosmological inflation.
We have now seen that both time and temperature
can arise from entanglements between the system under
consideration and another suitably chosen system. But
could the two (time and temperature) be related more
directly? Namely, is there a physical process that can
convert time into temperature (or vice versa)? An inter-
esting possibility is to view a system that dynamically
tunnels through a potential barrier. The state of the
system is a superposition of the transmitted and the re-
flected wave. However, suppose that we only have access
to the transmitted wave. Then, we actually need to trace
out the reflected wave in which case the transmitted state
is a mixed one (and can therefore be thought of as being
at some finite temperature).
The presence of entanglement in this example is a bit
more subtle. It can be seen to arise from the second
quantized notation of the tunneling particle having an
amplitude to tunnel (i.e. to be transmitted through the
barrier) and another amplitude not to tunnel (i.e. to be
reflected by the barrier). The state can then be written
as
√
r|1〉r|0〉t +
√
t|0〉r|1〉t (21)
where the r and t subscripts indicate the reflected and
transmitted modes respectively. When we trace out the
reflected mode, we obtain a mixed state of the transmit-
ted mode. It is interesting that this process of conversion
of time into temperature by quantum tunneling was re-
cently employed by Parikh and Wilczek [10] to explain
the Hawking radiation [11] and the resulting temperature
of a black hole.
4CONVERSION OF TIME INTO TEMPERATURE
BY TUNNELING
We now briefly summarize the argument by Parikh and
Wilczek [10]. We imagine that a particle-anti-particle
pair was created inside the black hole, close to the event
horizon, and that the particle is then able to tunnel out.
We proceed to calculate the probability for this to hap-
pen. The inverse of this process is the creation of the pair
outside of the event horizon and that the anti-particle
tunnels into the black hole. The two processes will have
the same probability (since their amplitudes are presum-
ably complex conjugates of one another). We now pro-
ceed to explain how this is calculated.
The main ingredient is the formula for quantum tun-
neling. The reader will recall that, in the WKB approx-
imation, the trial solution to the Schro¨dinger equation
d2ψ(x)
dx2
+ k2(x)ψ(x) = 0 (22)
where k2 = −2mV (x)/~2 (we assume E = 0) is given by
ψ(x) = ψ0 exp
{
i
∫ x
0
k(x′)dx′
}
. (23)
This assumes that |k′| << k2 (i.e. small de Broglie wave-
length). The tunneling rate is, within this approxima-
tion, defined as the ratio of the outgoing to the incoming
intensity of particles and this is given by
Γ = exp
{
−2
∫ rout
rin
k(r)dr
}
. (24)
Here rin and rout are the boundaries of the potential. It
is now clear that since this is an exponential dependence
of the probability on the wavenumber, we can equate
it to the Boltzmann weight (exp−E/kBT ) and thereby
obtain an “effective” temperature. This is the gist of the
Parikh-Wilczek argument.
To illustrate how to obtain the Hawking temperature
we will now apply this formula to the scenario where a
particle (antiparticle) tunnels out of (into) a black hole
of mass M . In the former case, rin = 2M and rout =
2(M−ω), are the Schwarzshild radius before and after the
particle (of frequency ω = m, where we have set ~ = c =
kB = G = 1; we will reintroduce the constants shortly
below) has tunneled out respectively. We will assume an
otherwise flat potential. Evaluating the integral:
∫ rout
rin
k(r)dr = −Im
∫ rout
rin
∫ k′
0
dk′(r)dr
= −Im
∫ rout
rin
∫ ω
0
dω′
dr
1−
√
2(M − ω′)/r .
Here we have used the fact that dH/dk = r˙, that dH =
−dω and that, finally, r˙ = 1−
√
2(M − ω)/r.
This integral can be solved (by using e.g. calculus of
residues) to yield:
Γ = exp{−8piω(M − ω/2)} . (25)
Equating this to the thermal distribution exp{~ω/kT },
and ignoring the ω2 contribution, gives us the follow-
ing temperature (with all the relevant constants now in
place):
T ≈ ~c
3
8piGkBM
, (26)
which is indeed the Hawking temperature for a black
hole.
There are two comments to make regarding the con-
nection between tunneling and temperature. One is that
the outgoing distribution is not quite thermal (since it
contains a correction on the order of ω2 that we ignored
in last step). This correction is at least in principle ob-
servable. And if not for an actual black hole (for which
even the Hawking temperature is tiny), this might be
possible in one of the many analogue systems mimicking
the black hole dynamics.
Secondly, however, we have a more interesting possibil-
ity, namely that we can apply the same idea of particles
tunneling but this time beyond the edge of the observ-
able universe. Could it be that this kind of process can
also account for entropy of the observable universe?
COSMOLOGICAL INFLATION
In quantum cosmology, we treat the universe as a quan-
tum system, but then use the resulting model to compute
some macroscopically observable parameter, such as the
temperature of the Universe, or its density fluctuations
(ultimately also measure by the temperature fluctuations
in the CMB). If the universe is a closed system, its state
ought to be pure, and it is then impossible to assign a
(non-zero) temperature to it. However, if we imagine
that the pure state belongs to the universe as a whole
and we only observe a small section of the whole uni-
verse (as the theory of inflation might suggest) then it
is clear how the observable universe could be in a mixed
state to which it is then appropriate to assign a temper-
ature. The suggestion to treat the observable universe
as an open quantum system comes from Prigonine [12],
though the line of argument we use here will be entirely
different.
The plan is to apply the temperature-as-the-result-of-
tunneling argument to the universe. The evolution of the
universe follows two equations that are derived from Ein-
stein’s field equations assuming the cosmological princi-
ple, which tells us that the universe is homogeneous and
isotropic (i.e. the same for all observers, which in turn
fixes the metric to be used).
5The two equations describing the evolution of the uni-
verse are known as the Friedmann equations:
3
(
a˙
a
)2
+
3kc2
a2
=
8piGρ
c2
(27)
−2 a¨
a
−
(
a˙
a
)2
− kc
2
a2
=
8piGp
c2
(28)
Here a is the scale-factor of the universe, k its curvature
(not to be confused with the Boltzmann constant kB), G
Newton’s gravitational constant, c the speed of light, ρ is
the density of the universe and p is the pressure. These
are two equations with three unknowns (the pressure,
the density and the scale factor). Usually we assume an
equation of state relating the pressure and volume and
then solve for the scale factor. Here however we will
follow a different route.
We now present an argument for the temperature of
the universe that mirrors the Parikh-Wilczek black hole
calculation. Imagine that the temperature is a conse-
quence of matter tunneling into the observable universe
(this argument was originally used to calculate the prob-
ability for the universe to tunnel into its own existence
[13, 14]). This process can be described by a quantized
version of the first of the Friedmann equations (the quan-
tum version is known as the Wheeler-DeWitt equation)
[15]:{
∂2
∂a2
−
(
3pi
2G
)2
a2
(
1− a
2
a20
)}
|ψ(a)〉 = 0 , (29)
where a20 = G (assumed for simplicity) is the size of the
tunneling barrier (as is customary we have again set c =
1). The solution of the above equation is known as the
wave-function of the universe [16]. The probability to
tunnel through the potential ( 3pi2G )
2a2(1− a2
a2
0
) is given by
p = exp
{
− 3pi
2G
∫ a0
0
daa
√
1− a
2
a20
}
, (30)
which leads us to the tunneling probability in the uni-
verse
p ≈ e− c
5
~G2H , (31)
where H = a˙/a is the Hubble parameter. Note that this
is usually applied to the beginning of the universe with
some fixed initial value of H . In our case, this formula
holds at all times and describes the tunneling between
the observable universe and the rest. Writing this in the
exponential Gibbs-Boltzmann form
p ≈ e−
Muc
2
kBTu (32)
where Mu is the mass of the observable universe and Tu
its temperature. Using the fact that Mu = c
3/4GH [17]
we obtain
Tu =
~H
4pikB
. (33)
As already noted, this temperature is time dependent
(as the result of the time dependence of H). We briefly
point out that the mass of the universe can be arrived at
by different methods to be about 1053kg (see e.g. [17])
which is in a pretty good agreement with the formula
used here (and which can almost be obtained by dimen-
sional analysis by combining c, G and H into a quantity
with dimensions of mass).
We will now use this temperature and assume the uni-
verse to be a black body (here we follow the argument
given in [18]). This will then be inserted into the continu-
ity equation (which is basically the First law of thermo-
dynamics and is derivable from the Friedmann equations)
which is of the form:
dQ
dt
=
d
dt
(ρV ) + p
dV
dt
(34)
where V , p and ρ are the volume, pressure and density
of the universe respectively. If the universe is truly an
isolated system then dQ = 0 and the left hand side of
above would vanish (which is what is normally assumed).
However, if we think of just the observable universe then
the theory that best fits the current observation is based
on the idea of inflation. Namely, at the very beginning
the universe was supposed to have undergone a rapid ex-
pansion which stretched the space-time fabric faster than
the speed of light. As a consequence what we call the ob-
servable universe is only a part of the total universe, the
rest of it being outside of our light cone. If we suppose
that the universe has always been quantum mechanical,
then the observable universe should be entangled with
the rest.
Furthermore and in line with the Church of Higher
Hilbert Space picture, all the mixedness (entropy) in our
observable universe comes from tracing out the rest. This
would then provide us with the term dQ/dt (see also the
discussion in [12]). The rest in this case is the component
of the universe that lies outside the horizon, and we as-
sume that the universe is at a temperature derived from
the tunneling argument above. The change in time comes
from the fact that the universe is evolving, which in turn
affects the entanglement between the observable universe
and the rest (and therefore leads to a changing tempera-
ture). Since we are assuming that Q has the black body
spectrum, we can then use the Stefan-Boltzmann law to
write the rate of change of heat as
dQ
dt
= AσT 4 (35)
where A is the area of the observable universe, T =
~H/2pikB is the related Hawking temperature and σ is
the Stefan constant. Here the area will be written as
6A = 4pir2u where the radius of the observable universe
will be taken to be ru = c/H . We can also express the
volume of the universe as V = 4/3pir3u.
The first law now reads
3σ
c
(
~H
4pik
)4
H5 =
d
dt
(ρ) + 3(ρ+ p)
a˙
a
(36)
Using the first of Friedmann equations (with the curva-
ture term k set to zero) and the fact that H = a˙/a we
can transform the above to:
ρ˙
ρ
+ 3(1 + ω)
a˙
a
= 3ωc
a˙
a
(37)
where p = ωρ is the equation of state relating the pres-
sure and density of the universe, and ωc = ~G
2/45c7ρ is
the (time-dependent) critical density. We now see that
the term due to dQdt (which is on the right hand side of
the equation) effectively acts as negative pressure (coun-
tering the second term on the left hand side). We can
solve this equation for ρ to obtain:
ρ =
Da−3(1+ω)
1 + αD1+ωa
−3(1+ω)
(38)
where D is just a constant and α = ~G2/45c7 . If we
assume the equation of state for ordinary radiation (ω =
1/3) and that αD >> a4 we obtain that
ρ =
4
3α
(39)
which is a constant density. This allows us to integrate
the first Friedmann equation leading to an exponential
expansion of the scale factor
a(t) ∝ eHt (40)
where H =
√
32piG/9c2α = 1045s−1. This is the expan-
sion rate required for the inflationary period. It is driven
by the negative pressure provided by dQdt . According to
this model the inflation stops once this term becomes
negligible, which is when a4 >> αD and here we have
the radiation dominated era. The open system evolution
of the universe therefore naturally accounts for the infla-
tionary expansion so long as we allow the heat exchange
term to be based on the back body radiation due to the
tunneling of stuff into the observable universe thereby
leading to Hawking’s temperature of the observable uni-
verse.
Two warnings are appropriate here. Firstly, it is hard
to trust the above semiclassical model at very early times
of the evolution, when the full quantum gravitational ef-
fects might be significant. In the absence of the the-
ory of quantum gravity, it might be more appropriate
to use quantum field theory in curved spacetime (see for
instance, [19]), thought the main advantage of the treat-
ment above is its simplicity and elegance. The last sec-
tion will in fact reinforce the need for quantum gravity.
Secondly, current astronomical observations [20] put a
bound on the value of the inflationary Hubble parame-
ter in certain inflationary models. This value is about
ten orders of magnitude smaller than the above one of
H = 1045s−1. However, the bounds come from evaluat-
ing the ratio of the scalar to tensor perturbations that
are based on a scalar field driven inflation, a mechanism
that is different to the one considered here (see also [21]).
The idea that entanglement may be responsible for a
number of fundamental parameters and processes is in-
triguing in its own right, and, as noted, it might help us
reduce the number of mysteries that we have to explain.
But, as scientists we should be asking if there are any ob-
servable effects of any of the above ideas. Obviously it is
hard to see how to confirm the entanglement between the
observable and non-observable universe (if there is such
a thing). However, we might legitimately ask if entangle-
ment could be witnessed indirectly - at least in principle
- through its effect on the CMB profile. This is the topic
we turn to next.
COSMOLOGICAL WITNESSES OF
ENTANGLEMENT
The possible effects of quantum gravity on the CMB
spectrum are very much discussed and analyzed (see e.g.
[22]). Here we follow the logic of constructing macro-
scopically observable entanglement witnesses that might
be inferred from the CMB. We expect that the effects of
quantum physics and gravity were important in the very
early stages of the universe and were then possibly am-
plified by the process of inflation. Cosmologists in fact
believe that all the structure in the universe come from
the original quantum fluctuations whose effect was then
amplified by gravity. But how do we know that the cor-
relations we observe are due to quantum correlations and
not just of an entirely classical origin? (After all we said
that both time and temperature can arise in the same
way from a mixed, classically correlated state). Here we
present a simple argument.
Suppose that we are given a thermal state ρT =
p|Ψ0〉〈Ψ0|+ (1− p)ρrest, where |Ψ0〉 is the ground state,
p = exp(−E0/k−BT )/Z is the usual Boltzmann weight
and ρrest involves all higher levels. A very simple en-
tanglement witness can now be derived by noting that
if
S(|Ψ0〉||ρT ) < S(|Ψ0〉||ρsep) = E(|Ψ0〉) (41)
where S(σ||ρ) is the quantum relative entropy [23], then
the state ρT must be entangled (as it is closer to |Ψ0〉 than
the closest separable state, which we denoted as ρsep).
E(ρ) is the relative entropy of entanglement of ρ [23, 24].
After a few simple steps, the above inequality leads to
another inequality, satisfied by entangled thermal states
7ρT ,
− ln p < E(|Ψ0〉) . (42)
Exploiting the fact that
p =
e−E0/kBT
Z
= e−(E0+kBT lnZ)/kT ≥ e−(U+F )/kBT
= e−S/kB ,
where F = −kBT lnZ is the free energy and S = (F +
U)/T is the entropy, we finally obtain the inequality
S(ρT ) < kBE(|Ψ0〉) (43)
which, if satisfied, implies that ρT is entangled. We now
have a very simple criterion which can be expressed as
follows: if the entropy of a thermal state is lower than
the relative entropy of its ground state (multiplied by the
Boltzmann constant k), then this thermal state contains
some form of entanglement.
Here we are not concerned with the type of entangle-
ment we have (e.g. bi-partite or multipartite, distillable
or bound), but we only what to confirm that the state
is not fully separable. It is also very clear that if the
ground state is not entangled, this witness will never de-
tect any entanglement (since entropy is always a non-
negative quantity), even though the state may in reality
be entangled for some range of temperatures.
The entanglement witness based on entropy, though
at first sight very simple, is nevertheless rather powerful
as it allows us to talk very generally about temperatures
below which we should start to detect entanglement in a
very generic macroscopic system. Since entropy is lower
at low temperatures, this is the regime where we expect
the witness to show entanglement. Let us look at the
typical examples of ideal bosonic and fermionic gases.
Non-ideal systems behave very similarly, with some for
us unimportant corrections. At low T , the entropy scales
as (see e.g. [25])
S ∼ N
(
kBT
~ω˜F,B
)pF,B
(44)
where F,B refer to fermions and bosons respectively, N
is the (average) number of particles, ω˜ is some character-
istic frequency which is a function of the spectrum (its
form depends on the details of the system) and p ≥ 1.
The fact that this form is the same for more general sys-
tems is due to what is known as the third law of thermo-
dynamics (see [25] for example) stating that the entropy
has to go to zero with temperature. We now consider
how entanglement scales in the ground state for fermions
and bosons. If the number of particles is comparable to
the number of modes, this typically means that E ∼ N .
The entropy witness then yields a very simple tempera-
ture below which entanglement exists for both fermions
and bosons,
kBT < ~ω˜F,B (45)
This kind of temperature has been obtained in a multi-
tude of different systems, ranging from spin chains, via
harmonic chains and to (continuous) quantum fields. Its
universality is now justified from a very simple behaviour
of entropy at low temperatures.
It is however hard to observe the entropy of any object.
A physically accessible information is more easily found
in quantities such as the heat capacity [26],
C = T
∂S
∂T
(46)
In terms of the heat capacity, eq (45) implies that the
values of the heat capacity below
C < Ccrit =
(
kBT
~ω˜F,B
)pF,B
(47)
cannot be accounted for without quantum entanglement.
When it comes to cosmological observations, what is ac-
tually measured are the (relative) fluctuations in the tem-
perature of the CMB: δT/T . The following relationship
exists between the temperature fluctuations and the heat
capacity:
∆T
T
=
√
kB
C
(48)
Which allows us to restate the criterion for entanglement
as (
T
∆T
)2
≤
(
kBT
~ω˜F,B
)pF,B
(49)
We will choose pF,B = 1. According to current estimates
δT/T = 10−5. This in turn leads to ω˜F,B ≤ 102Hz where
we have used T ≈ 3K for the CMB temperature. Gravi-
tational waves are expected to have frequencies between
between 10−15Hz ≤ ω ≤ 104Hz [27]. It is therefore
possible that the present temperature fluctuations do in-
dicate that most gravitational waves were entangled and
therefore need to be treated intrinsically quantum me-
chanically (i.e classical stochastic treatment may not be
sufficient). This is in agreement with a different kind
of qualitative estimate which also argues that quantum
gravitational effects should not be negligible in the fluc-
tuations of the CMB [28]. The Krauss-Wilczek argument
however has to do with the effect of gravitons on the po-
larization of light in the CMB. The argument here, on
the other hand, would need to rely on a resonant con-
version of gravitons into photons, which then “inherit”
the entanglement from the quantum gravitational field
and this resulting photonic entanglement is what is then
measured through the fluctuations in the CMB radiation.
How this might happen is well beyond the scope of the
current work.
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